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We present the results of calculations the p* and p® order low-energy constants for the chiral 
Lagrangian with tensor sources for both two and three flavors pseudoscalar mesons. This is a 
generalization of our previous work on similar calculations without tensor sources in terms of the 
quark self-energy S(p'^). With the help of partial integration and some epsilon relations, we find 
that some p^ order operators with tensor sources appearing in the literature are related to each 
other. There leaves 98 independent terms for n-flavor, 92 terms for 3-flavor, and 65 terms for 2- 
flavor cases. We also find that the odd-intrinsic-parity chiral Lagrangian with tensor sources cannot 
independently exist in any order of low energy expansion. 

PACS numbers: 12.39.Fc, ll.30.Rd, 12.38.Aw, 12.38.Lg 



I. INTRODUCTION 



In the low-energy region of the strong interaction, conventional perturbation theory is ineffective. If we focus on the 

r^ ' pseudoscalar mesons (7r,i^, 77), chiral perturbation theory provides us with an effective way to deal with the system. 

^ |. It can be applied not onlyto the strong interaction, but also to the weak and electromagnetic interactions. It was first 

JL ■ introduced by Weinberg Ql The idea is to expand the meson part Lagrangian in terms of powers of external momenta. 

ij ] Gasser and Leutwyler [2|, |3| then extended it to the p'^ order, and built up the path integral formalism which enables 

r^ ■ us to compute the various Green's functions of the light-quark scalar, pseudoscalar, vector, and axial vector currents 

'—'I in terms of the chiral Lagrangian. The formulation was later generalized to the p^ order. The form of the normal (or 

_^-, . even parity) part of the p^ order chiral Lagrangian had been obtained 0-@ : and soon after the anomalous (or odd 

►^ ' parity) parts were given [3, |g| . The latest and general review on the topic can be found in @ . Missing in this series of 

fvq , work are the antisymmetric tensor currents, although this could be partly because of the fact that tensor currents do 

T— I ■ not appear in the Standard Model (SM) Lagrangian, as discussed in Ref. [l^l ■ Research on hadron matrix elements and 

C — ■ , the study of interactions beyond SM may need these tensor currents. Further, antisymmetric tensor currents not only 

^^ ' generate the conventional 1 vector mesons, but also more exotic 1^ mesons. Therefore, the studies of involving 

(^ [ both of these and their interactions would bring in the antisymmetric currents. More importantly, for the structure 

f^ ■ of the general currents tpTip, the 4 x 4 F matrices generally have 16 degrees of freedoms, and one usually chooses 

04 ' the 16 7- matrices 1, 75, 7;i, 7/^75,(7^;/ to represent these freedoms. This implies that F can be expanded in terms of 

^~~^ . the 16 7-matrices, and one is used to call the currents according to their 7-matrices structures. Taking just scalar, 

^ ' pseudo scalar, vector and axial vector currents can not give the most general bilinear light-quark currents because 

of incompleteness. Adding in the tensor currents, we can get the set of the currents completely. Then the results of 

the Green's functions among the currents would then be general. Six years ago, the form of the chiral Lagrangian 

involving tensor currents had been discussed first in Ref. [lOl ■ The results were the normal parts with tensor sources 

starting from p* order, and both the p'^ and p^ order chiral Lagrangian with tensor sources were obtained. While 

the odd-intrinsic-parity parts with tensor sources were claimed to start from p^ order. Based on these results, more 

progress has been made |ll| - [l3| . 

Within the chiral perturbation theory, if the order of the momentum expansion is increased, the number of the 
independent terms rises rapidly. For example, in the three flavors case, the p'^ order Lagrangian has 10 terms plus 2 
contact terms, but in the p^ order, which is 90 terms plus 3 contact terms. These independent terms generate a large 
number of unknown low-energy constants (LECs). A summary of numerical results for the LECs can be found in 
|14| , which makes discussions about the high order effects of the chiral Lagrangians even more difficult and complex. 
In comparison with dealing with higher order chiral Lagrangian, adding tensor sources is relatively not so heavy and 
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realistic work is possible. Originally, LECs were fixed via the experimented data. Now, because more LECs have 
appeared for high orders, and sufficient experimental data is lacking, we can no longer solely rely on experiment to 
determine these LECs. Calculations of LECs from various models or underlying QCD have subsequently developed 
and become popular. Indeed, not only experimented data, but theoretical calculations are also needed. With these 
calculations, we can check the correctness of the models or the theory. As one of the members in the community of 
calculating LECs, we have calculated the p^ order LECs in [ISl, |la|, and then the p^ order calculations in [ITI, I18| . 
including the normal and the anomalous parts, for two and three flavors cases. In this paper, we will extend our work 
to the tensor sources and present all LECs up to the p^ order. 

In Euclidian space, the chiral Lagrangian includes the real and the imaginary parts. The real part is related to the 
even-intrinsic-parity sector, and the imaginary part is related to the odd-intrinsic-parity sector. As the tensor source 
terms always appear with tr^t,, we can use the following Eq.(IT]) to interchange even and odd intrinsic parity sectors. 

^^^^75 = '^^^•'^'Txp , (1) 

It implies that when calculating the tensor source parts, one needs to include both real and imaginary parts[l9| ^. 

This paper is organized as follows: In Section |TT1 we review our previous calculations on the real part of the chiral 
Lagrangian from p^ to p^ order and add in the tensor sources. In Section [llll we review our previous calculations on 
the imaginary part of the chiral Lagrangian up to p^ order and add the tensor sources. In Section IIV[ we collect the 
differences in convention between our paper and Ref.[l3l and discuss the possible dependent operators. In Section 
IVl we give our p^ order results with tensor sources, and Section |VT] presents our p^ order results. Section I VIII is a 
summary. 

II. CALCULATIONS INVOLVING THE REAL PART OF THE CHIRAL LAGRANGIAN FOR ORDER 

p2 UP TO p^ WITH TENSOR SOURCES 

We have calculated the real part of chiral Lagrangian from p^ to p^ order without tensor sources in Ref. [131 ■ Using 
the same method, we can also deal with the tensor-source part. For convenience, we give a short introduction here, 
but adding in these external tensor sources. 



The difference from Ref.[17[ is the external tensor sources t^^" . Adding them in the original external sources 



t)^, a^, s,p denoted as scalar, pseudoscalar, vector and axial vector sources, we get the complete sources set as follows 

J^i' + 4j5-s + ipj5 + cTf.J'"" ■ (2) 

From the original QCD, the Lagrangian can be written as the QCD Lagrangian, -Cqqd, plus the external sources part, 
and the generating functional reads 

Z[J] = f Vi;Vi:V^V^VA^ expli f d^x[C°QCB + V'^V'] | 

= fvUcxpL I d^xCchMU,J)\ = jvUe'^^", (3) 

where "tp, ^ and A^ are light-quark, heavy-quark and gluon fields, U is the pseudoscalar meson field, £chPT is the 
chiral Lagrangian, and Scs is the effective action. Because this form of the chiral Lagrangian is explicitly U dependent 
at the high momentum orders, and is hard to investigate [ 41 [51 due to its complex U and J structures, we arc used to 
make the chiral rotation to simplify the Lagrangian as [la, ll3, l20| 

Jn = [nPn + Q^Pl] [J + i$\ \^Pr + rjtp^] = ^^^ + ^^^75 - sa + ipaTs + ^^-iTi"' (4) 

To separate the tensor sources into even and odd parities, t^ ^ we need the following tensor chiral projectors as Ref.(l(j| 



Pr^' = 7(5"'5''''-5''V'' + »e^''^0, (6) 



'^ In a private communication, Y.-L. Ma in Ref. [l6l had already obtained similar but unpublished result in 2003. 



tP" ^ ^{t^l" + tr), t^'"' = ^(i^"" - tr ), (8) 

p. = pr^^iAp + pr^^i^p, (9) 

a^j^" = ^a^.C - ^^M-e^'^^^i-^Ap - ^C7^.(C - *-'75) - -T^.i"'^", (10) 

f^"^ ^ ^(C-i'^^s)- (11) 

To obtain Eq.(fTO|). we have used the 7-matrix identity Eq.(IT]), and introduced t'P'^ for calculational convenience. After 
this operation, our definitions have the simple relations as found in (5|, |lO| (see Appendix \K^ . Using the same method 
as presented in [l^jll^: we can obtain the effective action SoS introduced in Eq.Q from the first principle of QCD, 

Sefi = -iN.Tr ln[z^ + Jo - Unc] + iN.Ti \n[i0 + Jn] - iN.Ti \n[i0 + J] + iV,Tr[$ocn^c] (12) 

Eq.([T^ is the same as Eq.(l) in [Tg], but Jn, the external source J including currents and densities after Goldstone 
fields dependent chiral rotation f2, includes the tensor sources. $oc and line are respectively the two-point rotated 
quark Green's function and the interaction part of the two-point rotated quark vertices in the presence of the external 
sources; Ilac is defined by 

<^Zi^, y) ^ ^^{T^i^Wniy)) = -*[(*^ + Jn- Tlnc)-^r{y,xl ^n{x) se [n{x)PL + ^\x)Pn]H^), (13) 

with subscript c denoting the corresponding classical field. G^J.'.p"(xi,x']^, • • • ,Xmx'^) is the effective gluon 71-point 
Green's function including gluon and heavy quark contributions and gs is the strong coupling constant of QCD. Note 
that the last two terms in the r.h.s. of Eq. (fT2)) can be shown to be independent of pseudoscalar meson field U or 
Q. and therefore are just irrelevant constants in the effective action. While the second and third terms represent the 
variations of the path integral measure of the light quark field ip. The remaining first term relies on line. The $sic 
and line are related by the first equation of (|13p and determined by 

[$nc + ^r + £ fd^xrd^x'^ ■ ■ • d^x^d^x[}^^^^—^^^^^GZi::;: {x, y, XI, x'l, ■ • • ,x„, o 

xci>^lP^ix^,x[)---<^^^f"{x^,x'J=Oi^J, (14) 

where S is a Lagrangian multiplier which insures the constraint tii\js^qAx, x)] = 0. Eq. (jl4p is the Schwinger-Dyson 
equation (SDE) in the presence of the rotated external source. In Ref.[l5|, we have assumed the ansatz solution of 
(I14p to be in the approximate form 

UZix, y) = [n^l)r5\x -y) X. = d'i - ^v^,{x) , (15) 

where E is the quark self-energy which satisfies the SDE (|14p with vanishing rotated external source. Under the 
ladder approximation, this SDE in Euclidean space-time is reduced to the standard form of 

where C2(i?) is the second-order Casimir operator of the quark representation R. In our case, quarks belong the 
SU{Nc) fundamental representation, therefore C2{R) = {N^ — l)/2Nc, and in the large Nc limit, we will neglect the 
second term of it. agip^) is the running coupling constant of QCD which depends on N^ and the number of quark 
flavors. With these approximations, the action ([T^ of the chiral Lagrangian becomes 

^eff « -iNcTT\n[i0 + Jn - S(V^)] + iNcTTln[i0 + Jn] - iiVcTrln[i^ + J] + 0{ — ) . (17) 

In the chiral Lagrangian, the normal part is defined as even-intrinsic-parity sector, and the anomalous part is odd- 
intrinsic-parity sector. We have proved that the second and the third terms in [T7] only provide the contribution 



correlating to Wess-Zumino-Wittcn term. In the large Nc limit, if we do not focus on Wess-Zumino-Witten terms, we 
can neglect them. 

Scs « -iN.Tt \n[i0 + Jn - S(v')] (18) 

Because in Minkovski space, it is not convenient to perform the computation, we perform the Wick rotation to 
change Ea. ([T7|) to Euclidean Space, with the metric tensor g^'' = diag(l, 1, 1, 1). 

7°U/^7'*|e: 7'U/^»71b, 75U/->75U, 

sn\M -^ -s^Ib, Pn\M -> -palfi, 

^n.ooU/ ^ — in,44|B, fa.ijU/ — > io^iilfi, ^n^oiU/ — > *^n,4i|B, io/ioU/ — > J^n.^ls- (19) 

Here v'^,af^i transform as x^ ^ whereas in,/jj/ are considering as (axial) vector- (axial) vector combined. Ea.(|17p in 
Euclidean space is 



S-cff « iV,Trln[^ + Jt,,s + E(-V;)] 

= 7VeTrln[,^ - if^ - z^jj75 - sn + ipnl5 + (^tJ.J'^r + ^(-V;)] (20) 



p^i^i^ ■ ^' —2, 



With the help of the Schwinger proper time method |2l| . the real part (or equivalently even-intrinsic-parity part, or 
normal part) of Trln[- • • ] in Euclidean space-time can be written as 

ReTrln[^ - ij^-^ - i^nlb - sn + ipnlb + o-a^^^o^" + ^i.^^ x)] 
= ReTrln[i?-a^,ir + I](-V')] 



— Tr In 
2 

-Trln[0 + iV] 



[Z?t + a^^t-tA"^ + ^i^vl)][D + a^^tr + S(-V^)]] 



1 r°^ cIt 

lim / — Tre^^*- '(remove const term) 

2 A-i-oo J 1 r 



= _i lim /°°— /d^Ttr.(x|e-^(0+^)|x) (21) 

2 A-i-oo J 1 T J 

D = $ -ij^-^-^^-f^- sn+ipnl5- (22) 

Where a cutoff A is introduced into the theory to regularize the possible ultraviolet divergences. O is the old operator 
without tensor sources in [l7[, and N is the new operator with tensor sources 

O = [D^ + n-^l)][D + i:{^vl% (23) 

-^pni^{<y^•'l, + ^tlrPna^''75 + S(-V^)C^""^ + 4r''S(-V^)a^^ + ^ri'/^.^^Ap. (24) 

If we calculate Ea. (pT|) directly, it is not explicitly chiral covariant for each term in the calculation. In order to 
recover the chiral covariant form to get the LECs, we would need to collect the relevant terms together by hand, which 
consumes too much time. Fortunately, we found a method keeping the chiral covariance at each step in the low-energy 
expansion computation J22| . and used it to obtain the LECs of the real part without tensor sources succesfullv[17|. 
We introduce it here briefly. Use the relations 

k^' + iV^ = e*^--^(fc^ + F^(V, ^))e-*^--^ , (25) 

F'' = ^[v:,v:]a,--^[v^[v:,v:]]a,^a,^-i[v:,[v,\[v:,v:]]]«a,^ 



1 A A L " a::' L " a;' L " a' L " a;' L " Ki ^ xiUW'-'k^k^k 



30^ 

+T^[v:, [v:, [v:, [v:, wiv^mdid'^didtd'^, + on). (26) 



1 ,^S ,—a ,—p —A —u :?7/^iiiii^5aCTopoAoi. , ^/ 7x 



Substituting (1251) into the integrand in ((2T|) . we change it to 



d'^k r d'^k' 
d'^k 



tr^ / Ji^ / ^l^e^'^'-^(fc'|e-^(0('^^)+^('^^»|A:)e-'"-^ 



tr 



tr/ 



, ^-r(0(fc+iVx)+Ar(fe+iVx)) 



(27r)4 



■^y (2^)4^ 

= tr/ /" ^ ^ ^-r(6(fc+zy.j+JV(fc+»yj)_ ^27) 

Where O is the original exponent without tensor sources, which can be found in Eq.(14) and (15) in Ref.[13], and N 
is the new operator with tensor sources. We have 

6 = o-i[X,ow,-l-[vl[v:,ow,d^+'-[v:,[^lN:,o]Md^d^, 



+^[v., [v:, [V,, [V,, o]]Mdi:did^, - —[V,, [V,, [v;:, [v,, [v,,o]]]Md-,d-,d^d', + o(/). (29) 

Where O = (a'', s,p,i"'^)^ and O = «j, sn,Pn Jn'^)^- With Eq.l^^ and 1^, we get 

- 1 P°° dr f /■ d'^k 

ReTrln[^ - ij^ - i^^^^ - sn + tpnl5 + (t,..C + ^(-V^)] = -- lim / — / d^x / 7-^tr e^+^* • 1 . (30) 



A^ 



B can be found in Eq.(17) of Ref . [17| . and Bt = —tN. Expanding Eg. ([50)1 in powers of momentum, theoretically, we 
can get all orders of the chiral Lagrangian. Before giving our result, we need to discuss the difference between our 
paper and Ref.[l3|, this will be done in Sec. |IVl 

III. CALCULATIONS INVOLVING THE IMAGINARY PARTS OF LEGS FOR ORDERS p^ UP TO p'^ 

WITH TENSOR SOURCES 

Because of Eq.(IT]) or equivalently (p9|) below in the next section, all the odd- intrinsic-parity sector of the chiral 
Lagrangian can be changed to the even-intrinsic-parity sector. In Euclidean space, the odd-intrinsic-parity sector 
belong to the imaginary parts. In other words, in Euclidean space, we can interchange the imaginary and real tensor 
source dependent parts. But in this section, we also call the parts without using Eq.(IT]) imaginary parts. Now we 
deal with the imaginary parts of Eg. ((20)) as a compensation of real parts discussion in Sec|lll We have calculated the 
p^ order imaginary part's LECs without tensor sources in Ref. |18|. Using the same method, we can also compute the 
contributions involving the tensor-source part. We repeat the process here, adding the tensor source. 

First, to confirm the Wess-Zumino-Witten terms, we need to introduce a fifth dimension integral. We now write fl, 
in Eq.(j4|), as 17 = e"*'' and further introduce a parameter i-dependent rotation element fl{t) = e~*^*. With the help 
of relations ri(l) = Q and ri(0) = 1, Eg. ipO)) becomes 

S'eff[C/(f), Jit)] « 7VeTrln[,0 + J^t) + S(-V')]t=i, (31) 

with Vj — d^ — iv'^it\- Jn(t) is Jn with fl replaced by fl{t). 

Second, because we only focus on the meson terms, adding in an extra pure source makes no sense for the results. 
We insert an extra pure source term, setting i = in (|3T|) . with the help of 



dJn{t) _ 1 



dt 2 



dU 
dt 



^^Uh^J + Jnit) 



, Ut = n\t), (32) 

+ 



we can further proceed to express the chiral Lagrangian in terms of an integration over the parameter t. 



S,s[Uit),J{t)] = 7V,Trln[^+Jj,(n+S(-V,)]*-i .open, 



Nr. / dt -rTrhi[. 



Jnit) + S(-V?)] 



Nc / dt Tr 

"'0 

Nc / dt Tr 



dJnit) , 9S(-V2) 



(9< 



a< 



M.rt 



dt 



Uh5,9 + Jn(t) 



Zj dependent 

-Jo(t)+S(-V?)]"i 



Zj dependent 



9< 



Jo(t) + S(-V?)]- 



(33) 



Zj dependent 



We only need to remain the E-dependent terms in Eq. ((33)) , because the E-independcnt terms are related to the contact 

terms [l3|- 

Finally, as in [1^, expanding ([55)1 to p"* order, we can get the Wess-Zumino-Wittcn term and terms related to the 
tensor source. Further more, to the p^ order including the tensor source, we can get the imaginary part we need. The 
particular calculation after expanding (|33)) will be introduced in Scc lVBI 



IV. CONVENTION DIFFERENCES AND INDEPENDENT OPERATORS 



To accord with our original results and for computational convenience, we make the following changes in this paper. 
• To match Ref.0] and our original results in Ref.[l3l, we define 



X±,M = '^f^X± - ■^{XT^'^J-t^ 



}, 



(34) 



comparing this with 

X±,t^ = V^x±, (35) 

of Ref.jlOJ. Here x+iX- ^-nd u^ are analogous to soiPfi a-nd a^j in our notation (see details in Appendix IX)) . 

• To match the coefficients' dimensions for a g iven order, i.e., all the coefficients in a given order have the same 
dimensions, we change t'^ in Table 2 in [1^ to Bot'^ , the analog of r^"^ defined in [Ifl]. But [lOl times bo, a 
parameter is the analog of Bq for tensor fields. Because bo is hard to calculate, we use Bo instead of 6o- Now, 
all the coefficients in the p'^ order are dimensionless, whereas in the p^ order, their dimensions are GeV~^. 

• Via partial integration and the application of the equations of motion, l^ns and Yug are not independent. We 
list the new relations in Appendix [Bl 

• Ref . [10| does not consider the epsilon relations 



^aSf^u^^^Xp ^ -2g^'^g''P + 2g^'Pg''^, 



^ct^ux^^pas ^ -gf'Pg^'^g^^ + g^Pg^^g^" - gP^g^^g^P 
Combining with Eq.(5.3) in [l3|, 



I aa vp X6 u5 vp Act , u6 va Xp 

+9 9 9 -9 9 9 +9 9 9- 



^fivaP't± — Sit 



T.Mi'' 



(36) 

(37) 

(38) 



(39) 



one can reduce i_i_ -^ t+t+ and i_i+ — > i+i-, i.e., changing even i_ to the corresponding i+, and exchanging 
the order of t^ and t_ . For example 



i- t-./iX — 2-9 A*+ i+.p-P t+x^'+.P- ■ 



(40) 



Hence even i_ terms and some (■ • • t_ • ■ • i_|_ ■ • •) ^ terms are not independent. We substitute the epsilon relations 
in Y,,i = 23 - 30,53,56,81,83,89,91,93,104,105,109- 111,118,119, finding that most terms lead to new 
relations. We list all the new relations in Appendix [BJ All the terms in the l.h.s of ()B1| are considered to be 
dependent, and reducible. We find that totally, there are 22 additional dependent operators in the n flavors 
case, 21 in 3 flavors and 13 in 2 flavors cases, leaving 98 independent operators for n flavors, 92 for 3 flavors, and 
65 for 2 flavors. In Section IV of Ref . |17l| . we found the result that without quark self-energy, all the coefficients, 
except contact terms, must vanish. Now in the present work, if we similarly ignore the quark self-energy, without 
relation (P5)) - ([59|) . we can not obtain these zero results. Instead, with relations ([M|) - ((M)) . we do reproduce the 
vanishing result. This shows the importance of relations (j36p - (|39p in the computation. 



• Also, with (136l)-(|39l), adding (|4T|) 

e^'^^^e^''''^'''' =:-det((7""'), a^^i,iy,\,p a' ^ fi' ,iy' , \' , p' , (41) 

one can remove all epsilons for the tensor source terms in the chiral Lagrangian as following. First, even epsilons 
can be changed to p^i/, and odd epsilon can be reduce to one. Second, in one-epsilon terms, one can change 
t+ to t- or t- to t+ with the help of (p9| . leaving only two epsilon. Finally, using (p6 l) - ([38)) and (|4T|) . all the 
epsilon can be removed. In other words, there does not exist the odd-intrinsic-parity parts with tensor sources 
at any order of the low energy expansion. 

V. THE p* ORDER CHIRAL LAGRANGIAN WITH TENSOR SOURCES 

A. real part 

With the same method as used in Ref. [131, ^^ "^^^ expand the exponent in Eg. lpO)) to the order p^. Ref.flQj had 
given us the p'^ order Lagrangian of form 

4 

A,t = ^iKf+^..) - lA^if^'u^u,) + A3(t'f t+,) + A4{t'iy = Y. A„X„. (42) 

n=l 

Considering that our computation is done under the large Nc limit, if we only expand Eq. pop . but do not consider 
the equations of motion. 



-(x -^ 

2r" Nf J' 



V,«^ = ^(X--^), (43) 



terms in the chiral Lagrangian with two and more traces vanish. To avoid unnecessary complications, in this paper 
we retain in the calculation only those terms with a single trace 



J04.n,t = Aitr/[t+,o^^,i.i^';'jj] + iX2tTf[an,^an,J^^^^^] + X3tTf[Vn^f^,yt'-l''Q] + O ( — j = ^ XnXn + '^ ( IJ ) ■ 



(44) 



Expanding Eg. ([HO)) , we get the analytic results as 



Ai = ^cJ^'^J^,e~^^''--lH^2r^j:l), (45) 

A2 = Nc T- /-f^e--(^"+^'^)(-12r2l]fe+4r3fc2i], + 8r3l]|), (46) 

A^ 

A3 = Nc J^ ^ J -0^,e-^^''+^i\2r'j:,~2r\'j:',), (47) 



^ To avoid confusion of our notation with that used in Ref. Ildl . and for more convenience both in calculation and displaying results, we 
use both trj^[- ■ ■ ] in the calculation and (■ • •) in the result to represent the tracing over flavor indices. 



and the relations between A„ and A„ are 



A3 = -^Ai, 
A4 = 0. 
The numerieal resuUs are hsted in the second and sixth eohimn in Table |lll 



(48) 

(49) 

(50) 
(51) 



B. Imaginary part 

As in Ref.[l^, we ean expand the exponent in Ea. ([55)) to the p^ order. Using ([5^ . we change t± to t^ and absorb 
the e factors, and finally, get the results 



^i,i,t — 2_^ ■ 



n=l 



The terms o„ are listed in Table U and Zn are listed in Eq ([5 



(52) 



TABLE I: The obtained operators of the p^ order. 



OUt j-j-j, u;y Ll U I Out j-j-j n U .111' \ 

dUt 
dt 



dt 



irrtvyf+Mi' 



t/jvr<tV,) 



dt 



dt 



^uUTX^t - ^fz/vrart- > 



dt * +'* dt 



^Uja^VUT,) 






M. 



.M. 



Z2=0, 

24 = 0, 



I A^(2jE',X - 2jS2s',x2 - 4jI]3x3), 



'^^^^1 ^^-2^^-^' + 2^'fc^ " 2E2s',x2), 



Z6 



Nr 



ZT = Nc 



Z8 = Nc 






(2^)4 

d'^k 






A^lX^) 



ItYl^X - 2t^l^iX% 



(2^) 



ji^^^tX'), 



(53) 



where X = l/(fc^ + Sfc)- Theoretically, we can integrate (|52p to confirm (jH]), but it is too hard to do the integral, and 
even worse to extend to the p^ order. Oppositely, we differentiate p2)) to compare with Eg . ((52)) . With the relation in 
Table IVTl Xn in Eq. (|42|) can be represented by fl fields denoted in Eq.(|4]). Introducing a parameter t as in Eq. ([3T|) . 
we change X„ -> Xn{t), and Xn = X„(l). Under the large Nc limit, our results only relate to the one-trace terms 
-''^1,2. 3- With the help of Ea(|54|. we can differentiate one single trace terms Xi^2.3{t) to get Ea. ((55|) . 
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(54) 
(55) 
(56) 



Combined with Eq. dH]) , ([51]) , dSH) , dSH) , we get 

{Ai, A2, A3){Xi^t, X2,t, Xs^t)'^ = (Ai, A2,A3)A4(oi,02,03,04,05,06,07,08)'^ 

= (^l,22,^3,^4,-25,-26,Z7,2:8)(0l,02,03,04,05,06,07,08)'^ (57) 

^ (Ai,A2,A3)A4 = (zi,Z2,Z3,Z4,Z5,Z6,Z7,Z8)- (58) 

In Eg . ((58)) . Zi and A4 are gotten, they are 8 linear equations with 3 unknown variables. Calculating the reduced row 
echelon form of A4 , we get 
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(59) 



We choose 01^3^8 a-s independent operators to calculate A„, leaving the other 5 equations as strict constraints. The 
analytical results are 



Ai 



A, 



A3 



A4 



Nc_ 
Bo 

So 
0. 



d^k 

(2^ 

(2^ 
(27r)4 



E/ \^ V \^2 ^2^' \^2 



S;,A: + E^Ej^AT^ 



2e?.a:3 



2E^X2 



(60) 

In Eg. (|60p . we find that unlike those terms without tensors, which result in a fifth dimension integral as Wess-Zumino- 
Witten terms, the tensor source terms can be fully worked out in the fourth dimension for the p"* order. The numerical 
results are listed in the third and seventh column in Table |lT] 



C. numerical results 

In Tableini we list our p'^ order LECs with tensor sources for cutoff A =1000tiooMeV in Eq.dH])- The 10% variation 
of the cutoff is considered in our calculation to examine the effects of cutoff dependence and the result change can be 
treat as the error of our calculations. The results are taken the values at A = IGeV. The superscript is the difference 
caused at A = l.lGeV and the subscript is the difference caused at A = 0.9GeV, i.e.'^, 



A„ 



,A=lGcV 



A„,A=l-lGoV— A„_A = lGoV 



A„,A=0-9GoV — A„_A = lGoV 



(61) 



The LECs include three and two flavors both from the real part, Ar,„, and the imaginary part, Ai.„. We also list the 
sum A„ 

TABLE IL The obtained values of the p* order coefficients. The definition has some difference from [10]. The details can be 
found in Section ITVl Ar,n come from the real part, and Ai_„ come from the imaginary part, A„ are their sum. 



Nf =3 


Nf ^2 


n 


10^A,,„ 


lO^Ai,^ 


WAn 


m 


lO^'A,.™ 


10^A,,„ 


lO^A™ 


1 
2 
3 

4 


-i2.89l°;r9 
ii.59;i:0« 

-4.05l?,;«^, 
= 


-15.24t-- 

n.74-4:ll 

-4.4511:11 
= 


-28.i3l:lf, 

23.33-4:11 

~8.50+_l:tt 
= 


1 
2 
3 

4 


-12.70±«;^« 
-3.90ir9'5 


It; 10+1.49 
10.10_2.20 

11-53+1.68 

-4.30±?:« 


-27.83J:|fo 

22.9i;^:?? 

— 8.20_2;3o 
= 



To compare with our original results, the parameters wc use to get Table [Til are the same as Rcf . pTI. [T8| ^. We 
choose the running coupling constant from Ref.|23| to solve Eq. (fT6| . and get the same quark self-energy as Fig. 2 in 
Ref.jlSj. but adding two-flavor case. Except for the quark self-energy, we need another input parameter Fq^ the p^ 
order coefficient in the chiral Lagrangian. We set i^o = 87MeV to get F^^ of about 93MeV 



VI. THE p^ ORDER CHIRAL LAGRANGIAN WITH TENSOR SOURCES 

A. Real part 

Continuing our process in Sectio n IVl we can obtain the p^ order results directly. Before listing our results, we first 
introduce the existing results. Ref.[i3l gave the p^ order Lagrangian as follows, 

117 



•SofflpO 



tensor sources 



d*a; < 



y Kj^ Yn + 3 contact terms n flavors 

n=l 
110 

2_] Cj^On + 3 contact terms three flavors 

n=l 
75 

2_\ c^Pn + 3 contact terms two flavors 



(62) 



Here, we use the notation y„. On, P„ to denote n, three and two flavors' independent monomials, which can be found 
in Table 2 in Ref . jlG| . and K^, C^, c^ for their coefficients. For reasons in Section ITVl and Appendix [Bl some of them 
are not independent. But we use the same numbers. If one monomial is not independent, we just neglect it. 



^ Notice that A with subscript n, A„, means the p^ order coefficients in Eq. ll42l l. but A without subscript is the cutoff in our calculation 

introduced in Ea. ll21l l 
* In order to match the Nf = 2 result, we choose a heavy quark number = 4 here, instead of = 2 in Ref. llTlllSH . (Heavy-quark fields are 

integrated out and absorbed into effective gluon propagator) 
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In our calculation, expanding Eq. (|2ip as the p^ order, we only get one trace terms without the equation of motion 



-'efflp^ , tensor sources 



d^x 



77 

E 

71=1 



ZliTf[On]+0 



(63) 



The terms 0„ are the p^ order operators we could obtained from our ealeulation, and Zj are the corresponding 
coefRcients. For those operators with more than one derivative, for example Oge = dfj,V^ ^dxf^Q, the derivatives 
are arranged in such a way that each Vq.^'^ and t+.si.i/A has a derivative and we do not put two derivatives in one 
operator. We list all operators in Table Hill With the help of a computer, we can get the coefficients Zj, listed in 



TABLE III: The / order operators On 



n 


On 


n 




On 




n 


o„ 


1 


i{t[n,M"ni "n,i/ain,A}i+,n 


27 




ian,;x[d„an,A,d''i+'^n] 




53 


iVn,M4dAa[^,iot-} 


2 


iaQ,iia.a.u{aQaQ,\t+,n + <^n,xa.nt'^Q) 


28 




ian,^[dvan,x,d''t'^j^] 




54 


iVn,^Adxah,tt^^a} 


3 


ian,tiaa,vanaa,\t'^^n 


29 




ian.n [dvOn.x , d^t'^^^] 




55 


sn[df,on,u,tt''ci] 


4 


ian.^on.^an.Afflnt+'^n 


30 




ion,^i{d''t+,n.uX,tt^^} 




56 


ipnlf^^^i^, d^on,,,] 


5 


an,iMa'^[di,an,x,t''J'a\ 


31 




ian,n{rfiyi+_Q^, f!l,n} 




57 


iVn,^,yV^ x^'+',n 


6 


an,tj.an,v{d^ an^xt'L SI — i-.nx'^"^^) 


32 




ian,fi{d'^t+^Q^„x,t-,n} 




58 


iVn,^l,.t'^^nx^'+',n 


7 


an,^an^,{d''an,xtt''a~-t-s^xd''a^) 


33 




2aQ,A.an,i.{i+'^n,sr!} 




59 


iVn,^.tt,nx<n 


8 


an.^can.,{dxa^-,fL^n ~ f^,n^d^an) 


34 




ian,iiSnan,,^t'^''^Q 




60 


iVn,tJ.v{pn,t't''Q} 


9 


an,ti.an,v{d\aQt''l ^^ — fi^^^d a^) 


35 




idij,a'^ld^an,x,t+^,n] 




61 


Vn,^.u{t1''^Q,sn} 


10 


an.iian.vidxaQjtt"^} 


36 




idiji,aQ.,vd^an,xt"\-,n 




62 


^tn,ij,,yt^Q^t^Q 


11 


an, nid*^ 0-0,1^0,(1^x^1^^1 + d,^ofi,xOQt'i ^) 


37 




id ^an,v[d^ On, Xjf^^n] 




63 


itn.^vttQ^fJ'a 


12 


on, f_i{dva'^^an,xt"- , it + rfi^an.Ain^^'^n) 


38 




id^an.i/dAaof^Q 




64 


snt+,n,ij.vt_y_ Q 


13 


on,ii.dvaaan,\t'!_^a 


39 


Vn 


ij.u{a^an,\t\^n - t^^^a^i 


On) 


65 


snt-,n,^ut'^n 


14 


on,ii0^tj^^ct,uxt+,n 


40 


Vn 




66 


d,ViiJxtf,n 


15 


on,i.ia,n,,yt^Q^t'^fi 


41 




V'n.M.^ian.Aan, i+'^n} 




67 


df_iVn,u\d'^t^,n 


16 


an,^J,an,vt_^.^n^t_^_Q 


42 


Vn 


Mi'("n*+,nA'^n — an.Ai+^n 


«n) 


68 


d^Vn,.xd''tl^^^ 


17 


o,n,fj.a'^t-,n,vxt-,n 


43 




Vh./ji'in.Ai+'^nffln 




69 


dfj.t^^^^dxt'^^n 


18 


on,fj.on,i't_^Q^t-,n 


44 




ian,fi[t'^_n^,rf''pn] 




70 


d^t+,n,vxd^t'^j^^ii 


19 


,1/ +mA 

on,iJ,on,ui^-,nx'^-,n 


45 




af2,/j[*^,f2j^i d" sn\ 




71 


cin*+,n,'^Ad''i+,n 


20 


an.M(i+,n^ffln,Ai+^n - in.i/Aani+'^n) 


46 




id^a>'^{t_^n.uxX^,n} 




72 


rfMi^.o.rfAil^n 


21 


an.M^+.n.fAani+^n 


47 




idMao,^{i^,nA'4^n} 




73 


dfj.t-^a,v\d^t''~,n 


22 


ffln,M(*-,o,an.At-';n - to.-^Afflnt'l^) 


48 




idy,on,v{t'L^ax^^'t,n} 




74 


dfj.t-,n,uxd"tt^^ 


23 


a,n,^lt - ,n,,yxo'^t'i Q 


49 




iVn,iiv\asi, dxfLQ} 




75 


an,iJ.an,ij{t'^Q,pn} 


24 


ion,fj.[d'^an,,,dx, i+^n] 


50 




iKi,M4«n.A,rf^i-^o} 




76 


on,iiPnon,,yt'^^^ 


25 


ion,^l.[d„o'^,dxt"^_^^a] 


51 




iVn,^.Aan,x,dHt''^n} 




77 


ipn{t+,niJ.i^,t'^Q} 


26 


ion,^,[d^OQ,dxtlQ] 


52 




iVn.^Ad'"an,x,t%} 









Appendix O Making use of Table IVTl relations for our coefficients Zj and K^, listed in Appendix [Pl can be obtained 
directly. Combining Appendix [Bl [Cl [Dl and using the parameters in Section FVCl we obtain both two and three flavors 
numerical results, and list them in the second and sixth column in Table FVl 



B. Imaginary part 



As Section IV Bl continuing our process to the p^ order, we can derive the p^ order LECs too. In the large N( 



c 



limits, without using the equations of motion, and removing the contact terms, we get 56 independent terms, O^'^ , 
and list them in Table ITVl We also list their relation to Kj of Ref . [10| . As in Eq. pi| . in p^ order, we get 



56 



£, 



6,i,t 



n=\ 



Kl^'^OT''^. 



(64) 
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TABLE IV: The p^ order operators in the large Nc hmits, Ol'^ 



n 


qT.W 


Yi 


n 




(jT.W 


Y, 




1 


i{t+^,{u).u'',u^u"})/Bo 


Y,/Bo 


29 




it-^.[f1\uxu^])/B<, 


Y69/-B0 




2 


i{t+^^u^ui^u"u>.)/Bo 


Y2/B0 


30 


it- 


-^Aft^u"ux-uxu\ft^))/Bo 


Yjo/Bq 




3 


i{t+^^u''uxu^u'')/Bo 


Ys/Bo 


31 


it- 


^^Af-^uxu-'~u"uxf^^))/Bo 


Y^^/Bo 




4 


i{t+^.{ux,u''u^u''})/Bo 


Y4/B0 


32 


it- 


^^Ay^''f-^ux-uxf^^un)/Bo 


Yn/Bo 




5 


{t+^U''+uxu^)/Bl 


Y9/Bi 


33 




{t+^4/7,X+})/Bo' 


Yja/BI 




6 


{t+^.uxt>X"u^)/Bl 


Yio/Bi 


34 




it.^Af!f,x-})/Bi 


Y,,/Bl 




7 


{t+^,,t^''uxu'')/Bf, 


Yi,/Bi 


35 




{t+^4fr,X-])/Bi 


Y7c,/Bl 




8 


{t+,,ufu-'ux)/Bl 


Y12/B?, 


36 




iit^^An',h\})/Bo 


-Y^r^/Bo + 


2 V 
NfBo ^80 


9 


{t+^,{u''tfux + uxt%^u^))/Bl 


YvaIBI 


37 




i{t+^At-\h^x)/Bi 


Ysi/Bl 




10 


{t+^a'i;'x+)/Bl 


Yz^lBl 


38 




iit+,.f^'r-x)/Bo 


Ysa/Bo 




11 


{t+,a^_-'x- + t^-t^+x-}/B-i 


2Y32/BI 


39 




iit+^.ft'fU)/Bo 


Yss/Bo 




12 


i{t+,.At^J',h\})/Bi 


-2Y,2/Bl + ^Y,, 


40 




i{t^,Af-\ftx})/Bo 


Yse/Bo 




13 


i{t+^Ax+,u^u-'})/Bi 


Y39/Bi 


41 




iit+^a^+%x)/Bi 


Yaa/B'i 




14 


i{t+^^u''x+uHBl 


Y^o/Bl 


42 




iif+^aftl^)IBl 


Yso/Bi 




15 


i{t.^,{X-,u^^u"})/Bl 


Yas/BI 


43 




(V^ffVV+A.>/Bo 


Y^a/Bo 




16 


{it-^^u^x-y^n/Bi 


Yh/Bq 


44 




i(VAt+^.[^''\"1>/Bo 


^95 /Bo 




17 


{t^^,u^h\u'')/Bo 


Yaa/Bo i^jB„Ya5 


45 




iiyn+^,[h"\ux\)/Bo 


Yx/Bo 




18 


(t_^,Ku^;^^}>/Bo 


Yas/Bo jv^ 50^^45 


46 




i{V^'t+^4f!l\ux])/Bo 


Ygr/Bo 




19 


{t.^,{h-'^uxu^'-u^uxh''^))/Bo 


nr/Bo 


47 




i{V^t+,.x[f-\u^])/Bo 


2-1 /So" 




20 


it-^^iK'^u^'ux - uxu''h''^))/Bo 


Yas/Bo 


48 




J(V^t+,;,[/r,u^])/Bo 


2-2 /Bo" 




21 


{t^^^iuxh'-^u'' - u''h'''-ux))/Bo 


Ya9/Bo 


49 




iiVn-^Af+\yx})/Bo 


Igs/So 




22 


(VAiM-V^ff)/Bo' 


Ysi/Bi 


50 




i{Vxt-^.{fr^^^})/Bo 


Ys9/Bo 




23 


(V;.tfV^f+A.>/Bo' 


Y52/Bi 


51 




iiVxt-^.Mt\u''})/Bo 


Yioa/Bo 




24 


(t+^.{/^^M;,M^}>/B0 


Y57/B0 


52 




i({V^ff,t_.AK>/Bo' 


Yi05/Bq 




25 


(t+^.MA/r«^)/S0 


^58 /Bo 


53 




i(V''tf{i_^A,u4)/Bg 


z^/Br- 




26 


(i+M^Z+^^'^A + MAUV^^)>/B0 


Ysg/Bo 


54 




(tr[x+M,".]>/Bo 


Y,,2/Bl 




27 


(i+M.(/+^^AU"'+u''UA/^^)>/Bo 


Yeo/Bo 


55 




{t^^^[X-^,u,])/Bi 


Y,r,/Bl 




28 


(i+M.K/:^«A + ua/^^u'')>/So 


Yei/Bo 


56 




i{t+^,h''^h"x)/BQ 


Yua/Bo 





■"Zi = -iYi +Y2- Y59 + Vei + |>76 - ^84 - Y<je - Y97 + 5ii4, 

'^2 = ^n + Y3 - n + ^Y39 + Yao + Veo - Vei + ^84 - Y95 + Y113 - Yua, 

'^Za = -jYs - iyio + Yii + iyi3 + iy32 - j^Vss - ^isi + 2y52 - ygo + nos - 4yii8 + 2yii9. 
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where K^'^ are the coefficients related to O^'^ . Introducing a parameter t to O^'^, we change O^'^ — > O^'^(i). 
Then differentiating 0^''^(i), we get in hke manner to (|55|) 



V*^l,t '"-^2,* ' ■ ' ■ 1*^56, t J 



and 





djf^ddj''^{t)/dt 


(65) 






i'-^339 > 


1^339 / 




(66) 


2 ' ■ ■ ■ '^339 /■ 




(67) 



l-f^l ,^2 ;•■• ,-f^56 )(<-'l,t '^2,t r 

/^T,W f>T.W f>T.W-.(f>T,W f>T.W 

= (^1 ,-^2 '■•■ '■'^339 )(^1 '-^2 ' 

=^ \Ki' ,^2 '■•■'■'^56 )^6 = (Ai ,A; 

O^'^ for p^ order are the same as o„ in p** order, and K^'^ are the same as z„ in p^ order. There are 339 O^'^ 
and A'J'^, which are too many to be listed here. Moreover Aq is the same as A4 in p^ order too. Using ([67)) . we can 
also get O^'^, which are listed in Appendix [E] Combined with Table ITVl we can get the analytical results from the 
imaginary part. The numerical results are listed in the third and seventh column in Table [V] 
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Numerical results 



In Table FVl we list our p^ order LECs with tensor sources, including the three and two flavors case, and the results 
for the real and the imaginary parts. Similar to the p^ order, we calculated the values with A = IGeV, and use the 
superscript and subscript denote the difference caused with A = l.f GeV and A = 0.9GeV, respectively. 



'-"ra,A=lGoV 



,A = l.lGcV 



.A = 0.9GcV 



Wi.A^lGeV 



(68) 



.,A = O.DGoV 



CJjy and c^jy denote three and two flavors cases. Because of the relations given in Appendix [B] some terms are not 
independent, we denote their coefficients by a symbol "— ". In Ref.[l3|, the coefficients were multiplied by a suitable 
power of 60 to express these with the same dimensional units. Since we cannot find a simple way to obtain 60. Instead 
of 60 J we use Bq to match the dimensions. 

TABLE V: The obtained values of the p^ order LECs. C^ denote the 
three flavors coefRcients, and c^ denote two flavors, n, m are the number 
of independent monomials in [10| with some difference. The subscript 
r, i denote the LECs from the real part and imaginary part of Chiral 
Lagrangian. As some monomials are not independent, we denote their 
coefficients by a preceding symbol "— ". The details can be found in 
Section ITVl The value = means that the constants vanish in the large 
Nc limit. 



n 


lO^CeV^a^^ 


lO^GeV^C,?'^ 


lO^GeV^C^ 


m 


lO^GeV^c^^ 


10=*GeV^c^„ 


lO^GeV^c^ 


1 


yo — 0.33 
'^■'^+0.48 


40-0.25 


7 91 -0.58 
'•^^+0.78 










2 


a CK-0.46 
D-05+0.57 


6-67+o:5g 


13.32;?:?3^ 


1 


9.oi;?:ol 


8.6o;°:?^ 


i7.6i;l:« 


3 


r ro+0.25 
0.00_o j^g 


-6.oit°:g 


-11.59t°:?o 


2 


3.84;?:™ 


9 c;4-0-18 
^•0^+0.22 


D.d»+i.48 


4 


-2.89«J1 


-2.47«-iI 


-hMtlil 










5 


= 


= 


= 










6 


= 


= 


= Q 










7 


n 8Q+0.09 


-2.69tO:« 


r9+0.52 


3 


-0.84t°:J« 


-2.64tO;« 


q 47+0.53 


8 


-n 94-000 


o.53;«:?« 


r,q-o.08 


4 


-0.25+H? 


0.49;°:?« 


r,q-0.08 


9 


Q r/? — 0.68 


-i.99t°:f8 


1 r7-0.36 
J^-O'+0.71 


5 


3-2i;?:g 


9 17+0.35 


i.04;S:L« 


10 


-14.06t^i^ 


1 7r+0.28 


-15.8lt^;r, 


6 


— 13.35_3 37 


-lAAtllt 


-14.79t^;^^ 


11 


3.28;«.1^ 


1 7c:-0.28 
J^-'O+0.42 


c 0-^-0.73 


7 


ni -0.45 
■J-^J-+0.55 


1 70-0.28 
^^•'■3+0. 43 


4 04-0.73 

^•y^+0.98 


12 


= 


= 


= 










13 


= 


= 


= 










14 


= 


= 


= 










15 


= 


= 


= 










16 


= 


= 


= 










17 


= 


= 


= 


8 


= 


sO 


= 


18 


= 


= 


= 


9 


= 


sO 


= 


19 


- 


- 


- 


10 


- 


- 


- 


20 


- 


- 


- 


11 


- 


- 


- 


21 


- 


- 


- 


12 


- 


- 


- 


22 


- 


- 


- 










23 


- 


- 


- 










24 


- 


- 


- 










25 


- 


- 


- 


13 


- 


- 


- 
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n 


10=*GeV2C^„ 


10^GeV''C,?'„ 


lO^^GeV'C^ 


771 


lO^GeV'c^^ 


lO^GeV^c^™ 


lO'GeV'c^ 


26 


4 1Q+0-72 


-5.79l^j? 


-^■^S-lll 


14 


4.uy_i oQ 


-5.771-- 


-9-85l^3;i? 


27 


d 17-113 


8-46+3;g^ 


12.64;1?6 


15 


3-99^i;g(, 


8.22;^:^! 


i2.2i;l?^ 


28 


= 


= 


= 


16 


= 


= 


= 


29 


= 


= 


= 


17 


= 


= 


= 


30 


1 ct;-0.26 
J^-DO+0.37 


o.8o;°:i| 


9 4C-0.38 


18 


1 lQ-019 
-'-•-'-y+0.28 


"•O'+0.14 


1 7R-0-28 
1- '0+0.42 


31 


= 


= 


= 


19 


= 


= 


= 


32 


= 


= 


= 










33 


= 


= 


= 










34 


-o.73;?:^« 


-6.90t'o:tl 


7^0-0. 11 


20 


-1 04"''-'^'^ 

l-'-'^+1.02 


"7.03l°:« 


-8.07;n^ 


35 


-8.89+°:«^ 


-13.40t?:«I 


-22.30«:^^ 


21 


Q r,f, + 0.07 


-i3.64i?::;^3 


-22.90l°:«8? 


36 


= 


= 


= 










37 


= 


= 


= 










38 


"9.04t°-i* 


O q^+0.43 

-8.34_o44 


-l7.38trot 


22 


7 po+0.46 
— (.Do_o.5o 


-6.95l°:^3l 


-14.58l°:«^ 


39 


Q OQ — 0.50 


o ir-0.47 


11.38;?:2^? 


23 


5 64"°-^* 

"■"^+0.97 


io.8i;°:?7' 


16.45;^?^ 


40 


3.64;«j? 


•^•04+0.31 


7.28;«:- 










41 


= 


= 


= 










42 


-^■Qstlil 


-4.95«:f3 


_q qo+o.ro 


24 


_4 Q4+0-36 
*-y'i_0.42 


_4qi+0-35 

4-yi_0.43 


-9.85_o;gg 


43 


r 77-0.39 
O.l '+0.46 


r 01-0.41 

■^-si+o.so 


11.58_,_o;96 


25 


r 70-0.39 
0.'U_,_Q 4g 


r 70-0.41 
°-''J+0.51 


ii-43;S:97 


44 


ii.08;g.™ 


ii-02;E!:95 


22.io;Jif 


26 


10.95;^? 


w.89-°:ll 


2i.84;Ji3« 


45 


= 


= 


= 


27 


= 


= 


= 


46 


r,r,i-0.16 
"■'-'1+0.36 


-2.39«;f, 


-2.40«-J? 


28 


(■. 97-0.20 

'-'•^'+0.42 


-2 04+°-^^ 

^•'-'^-0.50 


1 77+0.14 
!•' '-0.08 


47 


-40.61+^;?^ 


-i3.i5t^:i;j 


-53.75+?2*j5 


29 


-39.6819:23 


-i3.i3l^;24 


rr, 01 +8.46 

— t)2.»i_12.48 


48 


- 


- 


- 


30 


- 


- 


- 


49 


= 


= 


= 


31 


= 


= 


= 


50 


= 


= 


= 


32 


= 


= 


= 


51 


- 


- 


- 


33 


- 


- 


- 


52 


-o.07;S:?? 


-o.32«:S;^ 


-o.39;°-f 


34 


"•J^'J+O.lT 


-0.39l°:«^ 


n c,9-o.05 

'-'•0^+0.14 


53 


2.30;«il 


2-29^0.20 


4.59;«.i? 


35 


2-32^o!22 


9 01 -0.17 
^.o±_^Q 20 


4.62;«:g 


54 


— 5.68_Q;g3 


-5.46+°:f, 


-11.14+-- 


36 


r O7+0.46 
'J"J'-0.62 


c li:+0.37 
-0.it)_o.46 


-io.5il?:«? 


55 


r, .r,-0.03 

^•*^+0.23 


— 3.05_Q 26 


-5.47«:J« 


37 


9 7.-0.01 
^•'*+0.20 


q qO+0.24 

0.00_o 3Q 


-6.i2i«:?g 


56 


-4.72tO;*J 


-4.28«;f, 


-9.oo«:^| 


38 


_4 4q+0.46 
^•^•J-0.69 


-3.98lO;^3l 


-8.401%^ 


57 


= 


= 


= 










58 


= 


= 


= 










59 


= 


= 


= 










60 


= 


= 


= 










61 


= 


= 


= 










62 


-4.79tO:l? 


-4.89t°-i^ 


-9.68t°;?^ 


39 


-4.77l°;|^ 


-4.88l°;f3 


-9.651°:?^ 


63 


-nmtrZ 


-11-151^:^^ 


-22.24tlf, 


40 


-10.861^:^1 


-10.9ll°i? 


-21.77lM« 


64 


/? QQ — 0.46 


14.34-:«1 


20.67-lil 


41 


f! -if;-0.46 


14.16;!:°^ 


20.32;i:^38 


65 


n lfi-004 


o.o9;°:°l 


o.26;g:0^ 


42 


10"°"* 
'-'■^^"+0.08 


n. f.9-0.00 

"•'-'^+0.00 


"•J^^+0.08 


66 


= 


= 


= 


43 


= 


= 


= 


67 


n QQ-0.59 


n^Q-0.10 


A ^Q-0.69 


44 


yo-0.59 

■^■'"+0.86 


o.57;«:?! 


4.27;?:o%« 
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n 


10=*GeV2C^„ 


10='GeV''C,?'„ 


lO^^GeV'C^ 


771 


lO^GeV'c^^ 


lO^GeV^c^^ 


lO'GeV'c^ 


68 


-2.981H! 


O.D0_Q 22 


-fi R':!+0-29 
D.O^_Q 26 


45 


_OQi-of'5 
u.yi+o.ii 


-i-54tS:S^ 


-2.45+H7 


69 


-7.16l°;f, 


— 8.05_o;6o 


ir 9^+0.83 


46 


7 17+0.33 

' •J^'-0.29 


-8.04«;g 


-15.2lt°oil 


70 


= 


= 


= 


47 


= 


= 


= 


71 


= 


= 


= 


48 


-2 10+"-^* 


-2 12+"-^^ 


A 99+0.29 
— 4.ZZ_o 35 


72 


= 


= 


= 










73 


2-81+o.'2i 


00-0.20 

Z.OO_,_g 24 


r C4-O.39 










74 


- 


- 


- 


49 


- 


- 


- 


75 


= 


= 


= 


50 


= 


= 


= 


76 


- 


- 


- 










77 


-2mt°o:ll 


9 in+oi^ 


A iq+0.26 


51 


-i.95l°:ll 


or,+0.15 

— Z.U/_o.ig 


-3.97t°i^ 


78 


9.24;S:?J 


9.32;°:«? 


18.56+lil 


52 


8.79;°:|? 


00 — 0.64 
8-OO+0.79 


17.66;i.i6' 


79 


_7 07+0.43 


-8.40t°:f3 


-l6.S7tlil 


53 


-7.69t°:g 


19+0.59 
— S.i/_0 72 


-15.8ltl:?i 


80 


= 


= 


= 










81 


22.86-l:lt 


28.98;^:^? 


51.84^j2.09 


54 


22.38-tlt 


28.39;^:«? 


50. 78^12^5 


82 


- 


- 


- 


55 


- 


- 


- 


83 


-20.23tlf^ 


-3.02tO;« 


-23.26tlS> 


56 


-19.25t^:°^ 


-2 60+°*^ 


-21.85t^:« 


84 


- 


- 


- 


57 


- 


- 


- 


85 


= 


= 


= 


58 


= 


= 


= 


86 


- 


- 


- 










87 


— 38.66_2'3g 


-40.09l^3:g 


-7»-75tlf, 


59 


-38.64l^i^ 


^40.08tlil 


-78.72tlf, 


88 


1 07+0. 18 
-'-■'^'-0.29 


-i.07«:°^ 


-2.43«:fg 


60 


_1 Qq+o.n 

i.UJ_Q 26 


"•'^-0.07 


1 07+0.22 

-J^-O'-0.33 


89 


8.58+0.'62 


70-0.62 

°-'°+0.76 


i7.36;i:Jg« 


61 


8.6o;:;:^« 


8-80_|_o;7g 


17A0-l:lt 


90 


9 «Q-0.12 


2.86_|_o;25 


5.49;S.i 


62 


2.92;°:^^ 


o lt:-0.23 
■^•^^0+0.28 


6m+°il 


91 


8.i6;S.1? 


8m-°fo 


I6.24;i:i^ 


63 


8.2o;g-^ 


8.14;°:?2^ 


16.34;Ji» 


92 


-8.34«:« 


-smt°of. 


-ir.ootiig 


64 


-8.i4l°:« 


-8.46t°:« 


-16.60tii°6 


93 


^G.w-lll 


i6.07;l:» 


32-16+2.'69 


65 


16.09;!:^^ 


16.07;1:1« 


32.16^2.74 


94 


= 


= 


= 










95 


= 


= 


= 










96 


= 


= 


= 










97 


- 


- 


- 


66 


- 


- 


- 


98 


19.83;i-0| 


9.60;^.f 


29-42;t:?^ 


67 


19.05;3;03 


q ifi-^-5o 


28.22;«| 


99 


= 


= 


= 


68 


= 


= 


= 


100 


= 


= 


= 


69 


= 


= 


= 


101 


= 


= 


= 


70 


= 


= 


= 


102 


- 


- 


- 










103 


- 


- 


- 










104 


- 


- 


- 










105 


-5.i8t?:?? 


o.oolHS 


-5.i8t?:?? 


71 


-5.oil?:f6 


0.00+HS 


-5.011?:?° 


106 


Kr,-0.79 


-n.79l:ltl 




72 


-4.03;?:2 


-12.08t°;?s 


-16.12;«:?I 


107 


-0.25+0^^ 


o.ii;Hl 


n it^+012 

— U.it)_o 23 


73 


0.02t«- 


0-38_|_oo3 


0.39«:fg 


108 


- 


- 


- 


74 


- 


- 


- 


109 


- 


- 


- 


75 


- 


- 


- 
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The calculation process is too complicated, to avoid possible mistakes, the expansion in Eq. (|30|) and (|33| and most 
of the other calculations, are done by computer. To check the correctness of our results, we examine them in various 
alternative ways. First, because these results contain the original results in [13, \l3, , if we switch off the tensor sources, 
as a check, we must recover the original results. Second, some terms in Table Hill and the p^ order operators in Table 
1531 have two parts, we calculate them separately. C, P and hermitian invariance constrain the two parts of coefficients 
equal(or with a minus sign difference). Our analytical results for the separate part must give the same coefficients. 
Third, [131 told us that if wc switch off the quark self-energy, all the LECs, except the contact terms', must be zeros. 
This places a strong restriction on our results. We found that this restriction can be realized only when we use the 
new relations given in Appendix [BJ Fourth, in the p^ order, because of the strict constraint conditions in Eq. ([59| . 
we have 339 — 56 = 283 constraint conditions. They are also a strong restriction on our results. With all the above 
assessments, we are confident of the reliability of our numerical results for LECs. 

Ref.[l3l told us that operators contributing to the odd- intrinsic-parity part with tensor fields start from the p^ 
order, and we showed in Section |IV] that the odd-intrinsic-parity parts with tensor fields can not independently exist. 
So we have obtained all the LECs to the p^ order, with scalar, pseudoscalar, vector, axial vector and tensor sources, 
including the normal and anomalous parts, and two and three flavors cases. We found that in our method, all the 
contact terms' coefficients arc divergent, except Hi in the p^ order normal part. 

VII. SUMMARY 

To summarize our results: we extended our previous computation for LECs in Ref . [l5|, |l7[ include tensor sources, 
and obtain all LECs of order p^ and p^ for the chiral Lagrangian. We find that the operators given in the Ref. [l0| are 
not all independent because of certain relations involving epsilon. Adding these relations, we can reduce 22 operators 
for n-flavor, 21 for 3-flavor case, and 13 for 2-flavor case, leaving 98 independent operators for n-flavor, 92 for 3-flavor, 
and 65 for 2-flavor cases. Our LECs are presented with numerical values, for both two and three flavors cases. We also 
find that the odd-intrinsic-parity parts chiral Lagrangian with tensor sources can not independently exist. Thus, up 
to the p^ order, we have already given all the LECs values. Although, in obtaining these values, we have made many 
approximations. As a first step in estimating values, these results not only provide the sign and order of magnitude, 
but also the quantitative information of LECs. With improvements in the computation procedure, we expect more 
precise results to be obtained in the future. Another direction of research is applying the present chiral Lagrangian 
with tensor sources, adding the known LECs to various low energy (tt, K, rf) processes. We hope more physical results 
can be obtained. 
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Appendix A: relations among our symbols and those used in Ref. [lO| 

To help in understanding the mutual relation between the notation in our current formulation and those in Ref. [lO| , 
we provide a comparison in Table I VII 

Appendix B: new relations 

In this appendix, we list the new relations, when using the epsilon relations in Section IIVI The l.h.s. of (|B1[) are 
considered to be dependent, and reducible. 

^23 — 7y^9 — ^12, 

16 



TABLE VI: Comparison between notations introduced in Ref.[ly| (first and tliird columns) and tliat defied in the current paper 
(second and fourth columns). 



Ref. [10] 




Present paper 


Ref. [10] 


Present paper 


V^ 




r 


X'- 


AiBod'^psi — 4i_Bosna^ — 4z_BoanSn 


u 




n 


/r 


2^^^-^ - 2i(a[^a;^ - a^^a^) 


u" 




2«^ 


vvr 


2d^V^'' - 2id^{a'^a^ - a^ai^) 


X 




X 


rfl.l' 


-2(d"a;^ - d-^a^,) 


x+ 




4-Bosn 


vV^" 


-2{d^d''a"a - d^d^'a'^) 


x^ 


4Bod^sn 


+ 4Bopnao + 4_BoanPn 


h"" 


2{d>'a-^ + d^a^) 


X- 




4i-BoPn 


pM 


-iV^ 


f^" 






t^" 


,IJ.v 



1^24 


= 


2^9 -^11, 


i^25 


= 


Yio — Fi3, 


^26 


= 


V Y 


^27 


= 


2 J^i6 - J^is, 


1^28 


= 


-Yie - 5^17, 


^29 


= 


^19 ^ ^20, 


^30 


= 


Y2I — i^22, 


1%3 


= 


— 2^11 + ^^12 + 2^51 — Y52 + Ygo, 


^56 


= 


-Y54 ~ Yss, 


Isi 


= 


2^'' 2n/''^ 


"^83 


= 


2^'' 2n/'' ^«^' 


^89 


= 


i^88, 


^91 


= 


Yqq, 


^93 


= 


Y92, 


^104 


= 


V 1 ^ 

2^^^ 2./^^' 


^109 


= 


o^36 r, ^38 ^106, 
2 ZUf 


^110 


= 


— -xYb2 + 2^92 + 2 -^106 + i^l07, 


Fin 


= 


. ^36 + . ^38 + „^82 + „^92 + rJYlOG + ^108, 

4 4ny 2 2 2 


ni5 


= 


— 2^1 +Y2 — -Y^j + Y^s + ^84 — ^96 + ^97 + ^114, 


5^1 16 


= 


^1^69 - Yjo + Yj2 + \yj^ - ^^80 - 1^86 " 2^98 " ^99 


i^ll9 


= 


0. 



(Bl) 
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Appendix C: Z^ coefHcients 



zT 



z^ - 



Z^ - 



z'^ - 



Z'^ - 



zf 



z^ 



Z^ 



z'^ 



z'^ - 



z'^ - 



z'^ - 



z'^ - 



2^ 

^16 



7^ 
^17 



Z^ 









^21 ~ 



dA' 
dA' 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 



lOr^S, + ^r^PE, + ^r^Sf - ^r^fc^^.^ „ 2x^^5.3 „ 8^55.5 



40 
"3 

40 

~i 

40 



lOr^Sfe - -T^'fc^Sfe - ^r^Sl + 2T^k^Y.l + -t^^I 






lOr^Efe + 2T^k^Y.k + — r^S? + -r^fc^'Sfc - 2T^k^El ~ -r^Sf, 



9 



22 



^r^S, + ^T^e^', + 2T^ei:u + ^T^n 



Gr^E, + r^fc^E^ - Ir^fc^E, - ^r^E^ _ 2^4^4j., 



4r^Efc - ^rU-^Efc - ^T^Ef 



4t3Ez- + -T^k^Ei. + -t'^T.I - -T^k'^S 



•^fc^El 



3 



9 



GT^Efe + r^/c^E',, 



^fc^E, 



T^E? - ^T^fc^El 



rr^sj.^ ^ ^T^fc^s;^ + Ir^e^t, + ^r^S^ _ ^r^fc^j.;^ 



20 

y 

2^ 
3' 



^T^fc^S^ _ -T^fc^E' 



4T3Efe + 2T3fc2i]'^ _ -T4fc2Efe - -T^Ef. - -r^fc^s'^ 



2r^ - ^r^fc^ - Sr^E?. + ^r^fc^ + 2r^fc^E? + ^r^E^ 

16 



4t2 + T'U-2 + 16t=^e2 + Ir^/fc^ _ 4^4^^5.z _ l^^^^^ 



4^2 _ 3^3 ^2 _ ^g^35.2 ^ -^4^4 ^ 4^4^25.2 



4,,2v^2 tj-4^4 

3 

16 



2r2 + :^r3fc2 + 2t3e2 _ -r^fc^ - -r^fc^E^ 



9 
2^ 
9' 



4-^4 
k 



-T^T. 



+ 4t2 -t'U-2 -4t^E^ 



r^k" + ^r^fc^E? 



- 4t2 + ?,T^e + 4r3E2 - tr^k^ - -T^k^^l 



2t2 - T3fc2 _ Sr^E^ + -r4fc4 + 2T^k^j:l + -r^E* 



_2 /i_3'p2 -^ 4;4 I 4j2y^2 , ^ 4'c:^4 

T^ - 4r Efe - -T /c + r fc Ej. + -T Efc 



2t2 + rU-^ - ir^/t^ + 2 4^2j.2 

9 3 
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dK 
dK 
dK 
dK 
dK 






^T^Sfe + ^T^k^T.'f^ 



^T^Sfc + ^tH"2j.^ _ ^T^k^l^^Y^'i - -T^k^llk + -T5fc4s3s'^2 



4^ 

9' 



-r^fc^S', + ^T^e^k - ^r^fc^E^ - ^T^/fc^s.sl^ _ ^r^fc^Efc + ^r^/fc^sSs^s 



4 ., 
9' 



dA' 



Gr^Efc + IQr^k^^u^'^ + Ir^fc^^.^ ^ 8 4^3 _ 14^4^.,^ _ ^Ir^k^^k^^'^ _ ^r^fc^E^I]',^ 



r^fc^E, - ^r^fc^E^ + ^^fc^E^E',^ + ^^fc^E^E'^^ 



9 



^29 



2^ 



^34 



-"35 



^^36 



dK 

dK 
dK 
dK 
dK 
dK 






-r^fc^E^Ef 



4t^ 



-T^fc^ _ 4^JJ^ 



3 

2 



3>i:^2 

k 



3 3 3 '^ 



- 3t2 + -r3fc2 + 2t3E?. 



- 4t2 + T^k^ + 16t3e2 - ^T^fc^El - l^r^Et 



4t2 + 2T^e + ler^El - ^T^k^^l - ^T^T.1 



16 
3 

9 '^ 3 



-T^Efc + r^fc^E^ + -rU-^Efe - -r^fc^^ _ -r^fc^s.E'fe^ - -r^fciEfe + -T^fc^sSE'^a 



dA' 



Gr^Efc + lOT^fc^EfeE;^ ^ =4^25.^ ^ « 4^.3 _ ^^4^4^.,^ _ ^r^fc^EfeEj^ _ ^^4^.25.35./2 



r^fc^E, - ^r^fc^E^ + ^^fc^E^E',^ + ^^fc^E^E'.^ 



3 3 

3' 



40 

y 



7^ — 
^37 ^ 



^^38 



^41 






2. 



43 



dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 



_3i2,n/ , 2 4,2v^ 1 4,4^^/ 2 4,4„ „,2 ^ 5;4v 

A; Ei, + — T fc El. — — T k El. — — r k Ej-Ei. — — r k Et 



^k^k 



yk'^iK' 



T^Efe - -T^fc^E', 



- Ir^E, + Ir^fc^E), + 2r'k'E, + ^r^E^ - ^r^fc^E', 



er^Efe + -T^fc^E', - 2T4fc2E, - -r^El - -r^fc^E', 



i^^r^E, - ir^fc^El - r^fc^E, - ^t^E! + ?r4fc4Ei 



er^Efe + ^T^fc^E', - 2r4fc2Efe - ^r^Ef + ^r^fc^E', 



T + 3^ fc ^/c - T^ k Efe - -T Efe - -r fc Efc 



4T2 + 2r^fc2 + 4r3E^ 
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46 

T 

47 

T 

48 

T 
49 

Z^ 



2^ 



^53 — 

^54 — 
Z^ - 



z^ 



-■sy 



2^ 



2^ 



^64 — 

Z^ - 



^66 



^67 



dK 
dK 
dK 
dK 
dK 
dK 



-T^ - -T^k^ _^3v2 



T^St 



2t2 + -T^fc^ + 2t^j:1 



Ir' + ^r^fc^ + ^3^2 



6r2 - -T3fc2-4T3l]2 



^r^S, - ir^fc^j., _ 2^4fc45.^j.,2- 



2'^/ 



r^E'i. + :;T3l]fe - -r^SfcSfc + 2T^k'^Y.kT.'^ - -r'^fc'^Sfe - -r^fc^'SfeS] 



r^Efe - ^r^A^^El. + ir^fc^E^. + ^r^fc^s.s;^^ 



+ -T^S'i. + -T^Sfc + -r^/c^S 



3 7,2 v./ 



3 



;r3E^E;,-2r3fc2S,E',2 



Ir^fc^E.Ef + ^r^fc^ElEf 



dif 
dif 
dA' 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 
dK 



r^Sfc - ^r^fc^s'^ + ±^4^4^., ^ f r^fc^s.Ef 



^T^fc^s'^ _ Lr^k^Y^'t, - -T^fc^SfcEf 



3 3 3 '^ 



2T3Efc + 2r3fc2Sfe - 2r3fc2SfeEfc2 



16 

y 

4 



r^ + 3T3fc2 ^ 4^3j.2 



2 - r3fc2 



3t2 - T^fc^ _ 2x^1]^ 



4x^1]^ - 2T3fc2Sfe - -T^Tl 



4T2l]fe + 2r3fc2i]^ 



6T^S]fe + 2r3fc25^fc+4r3St 



2T2Efe - 2T^k^T.k 



T^k^i:, 



^r^E', + ^T^fc^E', + ^T^fc^E'.s _ ^r^/fc^s^ „ ^r^/fc^SfeS^f 



1 

3' 

11 

is'' 



9 



-T^fc^S', 



11 



r3l], _ ^T^fc^s;^ _ ^r3/fc2s,5];2 _ ^^3^4j./3 „ ±^4^2j.^ ^ ^T^fc^S', + ^T^fc^s.s^s 



20 



V4;„2y3y/2 



z. 



dK 
dK 
= / dK 



- ir^fc^S', + ^r^fc^E.Sf - ^r^fc^ELi* + \r'k'K + ^rH-^S.Ej.^ 



1^2 _^ ^^3^2 _ ^^4^4 ^ - 4^4j.25.,2 



1 

18' 



^fc^fc 



r^2 _ ^^2^25.^2 _ ±^3^2 _ -^35.2 ^ 2T^eYlY.'i + ^T^fc* 



1 

18' 



^^72 



^^73 



Z'^ 



9 



dA' 
dK 
dK 
dK 



1 

3' 
1 
3' 

1^ 

2' 
1 



-r'k' 



-T^k^ 



^k^k 
1 

18 
1 
18 



T^k" 



-yk^j:l^'^ 



r'k'^l^'^ 



•2 - ir^/fc^sf + i^3^2 _ i.^4^4 



18 



r^k^^l^k 



r^k^ _ 4^4^4 



18 



-yk'^l^'^ 



At^ +T^k^ +At^yI 



3 1,2 



- 4t^ + 2T^fc 



■ 2T2Efe 



6 '' 



(CI) 



dK = Nr 



d'^k 
(2^ 



-r(fe^+Ej;) / ^ 



(C2) 



Appendix D: Z"^ and A'J's relations 

This appendix list relations between our coefficients, Zj, and those in Ref . |10| . ATj. Some coefficients vanish, 
because of the new relations in Appendix |B] 



Kl 



Kl 



Ki = 



Ki = 



1 



1 



I6B0 
1 

I6B0 
1 

16^^ 
1 

I6B0' 



-zi 



Z^ - 

^3 



I6S0 
1 



Z^ 

^28 



1 



-Z 



8i3o^'° 
8B0 '* 

1 „T^ 



T 



I6B0 
1 

1 

1 



Z^ 

^29 



1 

1 



z^ 

^41 



16Sn 



-Z 



42 



8Bn 



--67 



16Bn 



"es 



16B, 







--57 



^29 



-z. 



85o' 



■-28 



--29 



1 

8B0 
1 

16^;^ 



1 



39 



Z^ - 

^39 



I6B0 
1 



--57 



I6B0 



^40 



1 

1 



--67 



8Bn 



--68 



I6B0 



Z^ - 

^42 



I6B0 



z"^ - 

A57 



4Sn 



^67 



-z 



68 



Ki 


= 


Kl 


= 


Kl 


= 


Kl 


= 


Kl 


- +4i?2^" + 4i?2^" + 8^2^18 + 85 


Klo 


+ 4i?2^2i 452^22 + 4^2^23 8^ 



,-7-' _ -7-' 



-Z^ 
2^31 



21 



Kl, 


= 


+ ABi ^1« 452 ^18 + 252 ^31 + 4^2 ^8 + 4^2 ^9 + 252 ^71 + 3^2 ^72 


KI2 


= 


+ 4i?2^i^ ABr'' 4Br^8 4Br^9 2i?2^^i 2i?2^^2 


Kl, 


= 


4i?2^20 + 4^2^22 + 4^2^31 


kL 


= 





Kl 


= 





Kl 


= 





-^17 


= 





-^18 


= 





Kl 


= 





Klo 


= 





K21 


= 





K22 


= 





Kl 


= 


+ 4i?3^64+ 4^3^65 


Kl 


= 





Kl 


= 





Kl 


= 


+ ^ z^ 


Kl 


— 





-^37 


= 





^ZB 


= 





Kl 


= 


+ 16i?o'^''^ IGBo'^'' ' leSo'^''' lesg'^'' leS^-^^ ' SB^'' leSo"'*' 8i?o"''' 16i?o *^' 


Kl 


= 


^8Bo^''' 8Bo^'' ' SSo'^'^^ ' IQBr'' SB^'^ 8Bo^'' ' 4Bo^'' 8i?o^' 


Kl 


= 





kL 


= 





Kl 


= 


+ 16i?o'^"' 16i?r'' 16i?o^'" 8Bo^'' 8i?o^'' 8i?2-«" les^^^s 


kL 


= 


+ 16Bo^^' 8Bo^'' 8i?o^'" 16i?„2^^« 


Kl 


= 




Kl 


= 





Kl 


= 


16i?o^' leSo^" leSo'^^^' 8i?o'^''" 16So^''' I6S0 '' 


Kl 


= 


leso'^'^ leso'^' 16S0"'" 8i?o~^''' leso^^' leso '' 


Kl 


= 


1 ^T ^ -yT , ^ -yT ^ -yT ^ yT 


Kl 


= 





Kl 


= 


4i?2 ^-^1 + 52 ^70 2i?2 ^72 + ^2 ^73 + 352 ^74 


Kl 


= 


^ r2 '"31 p2 '-'69 1 p2 '"71 ' r2 '"72 p2 ^74 

_Dq _Dq _Dq _Dg _Dq 



22 



Kl. 


= 





Kl 


= 





Kl 


= 


^WBo-^'' ' 8Bo~^'' ' 8Bo^" ' I6B0 '' 


Kl^ 


= 


8i?o '' 8B0 "' 4Bo '' 8B0 '' 


kL 


= 


« R ""^7 R ^40 R ^"57 r, R ^--67 ^ R ^68 

O-DQ O-DQ O-DQ ^-OO ^^0 


Klo 


= 


« R ""^« ' S R ^^y S R ^^y ' » R ^57 ' R ^«7 ' A R 68 

O-DQ O-DO t?-DO O-OQ ^-OQ ^-L>0 


Kl 


= 


«R ""^7 1 OR ^28 OR ^29 OR ^42 

O-DQ O-DQ C^-DQ O-DQ 


KI2 


= 





Kl, 


= 





Kl, 


= 





Kl 


= 





Kl, 


= 





-^67 


= 





Kl^ 


= 





Kl 


= 


1 1 -7T 1 -zT 


Kfo 


= 


+ 1650^*^ 16Bo^« leSo^'" SiJo'^" 16i3o^'' 16So '' 


K^, 


= 


+ 1650^^' leso'^'' leso'^"^' leso^'" leso '' 


K?2 


= 


leso'^'' leso'^'' leso'^'" leso*^'" 8i?o '' 


Kj, 


= 





K^, 


= 


1 ^T 1 1 ^T 


Kf, 


= 




Kfe 


= 


+ 16i3o'^'''' leSo'^'' 16i3o^'' le^o'-^'' l6Br'' IGBo^'' &Bo^" ' IGBo '' 


Kf, 


= 





K^s 


= 





Kl 


= 





Klo 


= 




K^2 


= 





Kl, 


= 


ABo^'" SBo^'' ' 8Bo"'' 16i3o"'' SBo^''' ' 16Bo'^'« 4i?o'^'^^ 8i?o '* 


Kl 


= 




Kl 


= 


8i?o^''^8Bo^'' 


Kl 


= 





Kl 


= 





23 



1 J, 



= 



Ki, 



Ki 



Ki 



KIj 



Kis 



2i?o '*^ 
1 



28 



24 



8Bo 



2Bl ^^ 2Bl '''' 



i>0 ^iSo 



7^ T'-' 7 



1 



24 



--49 



1 

1 







--25 



2^ - 
^25 



8S0 
1 

AB'o' 



--66 



--27 



So^ 



71 



n2^72 
^0 



8B0 '^'^ 2Bo *^^ 4Bo^^® 



-F-* 
^fi 



A99 = 



4i?o '^ 



ft'-' - -- 



'-100 



Kloi 



K 
K 



T 
102 
T 
103 



4Bo' 



--50 



K^ - - 



is:; 

K 



'■105 

T 

106 

T 

107 

T 

108 



2i?2 



Z.: 



30 



25^31 



<12 



^n3 



i^fu 



<15 



is: 
ic 



116 

T 
117 



8i?2 



2. 



--26 



8Bo' 
8B^ 2® 

1 



7T 

--52 



8i3o '' 

1 



16S0 
1 . 

SBo^ 



Z^ - 

^36 



-■53 



8B0 '' 

l&B^^^' 
1 „^ 



8i?2^44 

1 



16B, 







--38 



1 

1 



i^^^"^^ 



8i3o '^^ 



4B( 



-2, 







'67 



I6S0 
1 



8a 







-'38 



--68 



4Bn 



-Z, 



'67 



8B0 



--68 



^18 



<19 



_?■-' 

r2 31 
^0 



3i?2 



^31 



3Bf^32 



4 y 

3^2^46 



3B, 



2^47 



3B, 



2^48 



4 y 

3Sf^^^ 



^120 



ABl 



Z, 



55 



(Dl) 



Appendix E: K^ „ coefficients 



^1 



T,W 



Nc 
3 



d^/c 



(2^)4 



9 " 



-S^X^ 



-s^e;^^^ 



-^k^^'^X' + —^kX^ 



1 

36" 



lYgY^'X^ - i^S?E'2^3 



^fe^fc^ 



24 



^k^k 



l^ix^ 



^n^'^x^ 



24 



K. 
K. 
K 

K. 
K> 
K, 
K 
K 
K 
K 



T,W 



T,W 



T,W 



Nc 

1 
~18 

Nc 

1 
~18 

Nc 
1 






43^, 



55. 



37. 



■i3 V''^ \r3 



-S'.^X - -E',X^ - -SfeS-X^ + -S^s;f X^ + -EfeX^ + -S^S'feX^ + 3S^,S-X^ 



As^x* - ^S|E'2^4 . 



24 



(2^) 



18 
11 



Sl^X 



2 

n, 

72' 



^fe^fc- 



/ -1^2 



s^sfx^ 



-Six 



3 



^SfeS;2^2 ^ 1 s^E'.^X^ + iisfcX^ + ^E^j^/^^a 



17 
12 



s!s'2x3 



^fe^fc 






^fc^fe 



3 -1-4 



24 



i^E|E;^x4 + Eix^ + lElE;;^x^ 



(2^ 



18 



^fx 



1 



1. 



1, 



12 






12 



-'k^k 



9 



■"fe^fe 



12 



fc^fc^ 



17. 
12' 



E^EfX^ 



,4y^/3 ta3 



——Zj],Zji. yv 



T,W 

5 

6 

7 
8 
9 
10 



18 

Nc 

Nc 
Nc 
Nc 
Nc 



- N, 



c 



>T,W 
11 

T,W 
12 

T,W 
13 



N, 



c 



N, 



c 



N, 



c 






N, 



c 



K 
K 
K 
K 
K 
K. 



T,W 
15 

T,W 
16 

T,W 

17 

T,W 
18 

T,W 
19 

T,W 
20 



iV< 



c 



N, 



c 



- iV< 



c 



f>T,W 



Nc 
Nc 



d^k 
(2^ 

d^k 
(2^ 

(2^ 

(2^ 

(2^ 

(2^ 

(2^ 

d^fc 
(2^ 

d^k 
(2^ 

d^fc 
(2^ 

d^fc 
(2^ 

(2^ 

(2^ 
d^k 

d^k 

(2^ 

(2^ 

d^fc 

(2^ 



-E^X^ + '-^i:lT.'^x^ |e|X'^ - ^Elsl^x^ 



S2 v^/2 \''2 v^2 "v"3 

fe^fc-^ fi" 



^Eti];.^^^ + ^s;^x^ - ^s^sl^x^ 



-s^e;,^^^ ~ iE?.x3 + h:t^'ix' + lj:tx' - ^sfs'.^^^ 



^E^s;2^2 _ 4^2^3 _ ^s4^;2^3 



i?Etx4 + ^E^S'^X^ 



■^2 ^^'2 "v^2 



2 v3 



:EtX 



;^t^^X' 



11. 



■"fe-^fe 



4 \^4 I 4 g ,2 -^^4 



-stx 



SfeS;^^x^ 



-J^l^'k'x' + ^£2^3 _ ^s4e12x3 - |E|.X4 + |E|Ef X4 



2 

2 x^3 



-SfX 



I]?X3 + EtX^ 



Sf X^ + EtX 



4 -ia4 



SfcX^ 



S^X^ 



11. 



—^'kX^ + -SfcS'fe^x^ + — SfcX^ - —Y^lY^'i^x^ - -t,Ij:'^x 



72 
25 



72 



72 



6 



2^ k Q i^ f^ 



1, 



23. 



1, 



—^ V' v2 V V'2 v2 \^ v3 ' v2v' \^3 I '^v3v'2\^3 ^"-' v3 v4 -^v5v'2t^4 

144 fe 2 144 144 '^a.^ 48 ^fcfc 



-S',X2 - -SfeSf X2 - -^SfeX^ + ^Y.lY.'^X^ + ^SlSf X3 - ^S-^X* - -^E^Ef ^^ 



1 

36 
1 



1 
36" 



7 
72" 



5 
12" 



5 
12" 



1 
12" 



-E'.X^ + ^E,Ef X^ + is.X^ + \y.IKX^ l^^'iX^ + l^X* + ^nK'x' 



25 



K. 



K. 



K. 



T,W 
22 

T,W 
23 

T,W 
24 



Nc 
0, 

Nc 



(2^ 



T,'^x + ss^s;,;^^^ - sEfcEfc x'"^ - E^x^ + 4e^e;,;^x'* 



^ El.^^ + lE.Eli^X^ - -^S.X^ + 47^?^^'.^' - Ss?-4'^' + 4^1^' + SsfEf X^ 



144 



144 



144 



24 



16 



12 



-ElX^ - -ElS'^X^ 



^fe^fe 



K 



T,W 
25 



K 



T.W 



2 
~3 

1 



(2^ 



\e1.X2 -- -EfcEf ^2 + Iy.l.X^ 



5 x^5 



rSjX 



24 



^l^k^^ 



d'^k 
(2^ 



EfX 



49, 

72^ 



^fe^fe - 



-S',,X^ - -Ei-E^X 



1 47 

^E?,El.X3 + — E?Ef X^ 



24 



■"fe^fe^ 



12 



43. 



^k^k - 



Ilv3v4 '^^v5v'2v4 

24 6 



43. 



k^k 



-T,lT.fx^ - — EfrX^ - — e?e;x3 



^fe^fc 



-E^.El?'^^ - As3^4 _ 5^55^,2^4 



if. 



27 



A^< 



c 



(2^ 



1. 



1. 



72 



7 



72 



7 



^fc^fe- 



rS|sf^' 



t3 v'2 \r3 



-T.'^X H'^X^ + -EfeEjf X^ - -E^E^fX^ + — EfeX^ + — Ef^E'^X^ + -E^E'jfX 



9 



12 



18 
7 
3 



' -^3 vi ' v5v'2 v4 



--E^EJf X3 + -i-E^X^ - ^E|E;2^4 _ 1 j.5^5 ^ 4^7 j.^2^5 



ii', 



28 



N, 



c 



d^k 

(2^ 



^EtX^ + ^EfeE'^X^ + --EfcX^ - ^E^E'.X^ - -EgE'/'X^ - ^E?,X* + ^E?,E',^X 



1 



1 



36 



7. 



36 



19. 



19. 



8 



24 



24 



6 



t5 ^^'2 \^4 
^k^k 



— E|X5 - -YJfX'^X'^ 



K. 



K. 



T,W 
29 

T,W 
30 



^31 



-"^32 



K. 



K. 



K. 



K. 



K. 



K. 



T,W 
33 

T,W 
34 

T,W 
35 

36 

T,VK 
37 

T,W 
38 



A^c 
Nc 
Nc 
Nc 
Nc 
Nc 
Nc 
Nc 
Nc 



d^k 
(2^ 

d^k 
(2^ 

d-^k 
(2^ 

(2^ 

(2^ 

(2^ 

d^k 

(2^ 

(2^ 

(2^ 

(2^ 



11, 
36' 

3, 

4' 



37 

72 



72' 



1, 

4* 
55, 

72' 



1, 

4' 



37 I 

-E'.X^ - -EfeE',2x2 - -E,X3 - -HlU'^X^ + 2E3e',2x3 + -E^X^ - -Y^pl'^X^ 



1 

24" 



5, 

4' 



|e',x2 + ?e.e;,^x2 + As.x^ + Ie^e^x-^ - ^slsl^x^ + l^x' + InK'x' 



24 



12 



13. 



19. 



13. 



7 



12 



^3 x-4 



^5 v'2 v4 



- -E',x^ + -e,.e;^^x^ - -EfcX^ + -e^e;,x^ - tt^s^s'^-^^^ + 777^^^ + 0^^^" ^ 



36 

1 



12 



36 



72 



12 



12 



E^X^ 



-E?,X3 



-E?,X3 



/ v^ 



36 



-E.X 



12 



-EfcE;2^2 



11 

72" 



E,.X3 



72 
1. 



^IKx' 



12' 



EfE'fc^X^ 



24 



rE?.A:4 



WlK'x' 



^iJ^i'x' + -E^,x^ - -e^e;^^a:^ - -s|x^ + -StS'^^^ 



6 



-E ,X^ - -EfcE "X 



fe-^fc- 



k^ - l^^k^k^ 



3 

25. 



Ef.El:'^^ + Etx"" - 18E?.e;:'x 



k'^k 



-2Ef.X5 + 8EIE?x5 



if. 



39 



A^, 



c 



d^k 

(2^ 



2 



1, 



-E',3X - iE',X2 + EfeE;2^2 _ 4^2 j.^3^2 ^ 15.^^3 ^ 1 s^E'.X^ - 3E?,Ef X^ 



■"fe^fc- 



26 



K 



K, 



K. 



K. 



T,W 
40 

T,W 
41 

T,W 
42 

T,W 
43 



K 



T,W 

44 



3 

Nc 

Nc 
Nc 

Nc 

8 
+ 9 

Nc 
2 



^E^E^fX^ - 1e|x4 + 2E5E'fe2x4 



d^k 

(2^ 



23^/ T^^2 2 ^/2 ta2 "^ V v3 41^2^' T^3 I ' v3v'2v3 , ° v3 v4 ^v5v'2v4 



20 



E?,X3 



2E|X3 






9 

4, 
3^ 



9 ]^g 5 

E'.X^ - ^EfrEf X^ - — E?E?X2 - -Ei-X 



^fc^fe 



fe^fc 



Ez v^/ "V^'J V"^^ v*'*^ VJ 



EtEfx3-±E|x4 + iEiEfx4 
(2^ 



^E'.^X + ^E;,X2 - ^EfeEj^^X^ - ^E^EjfX^ - ^EfeX3 - ^E^E'.X^ + ^Y^l^i^'^X^ 



-HiU'^X^ + ^EfX^ - yE|Ef X^ - ^EiX^ + ^E^E^^X^ 



K 



T,W 

45 



A^C 



(2^ 



24 



rE'.X^ 



1 3 5 5 

j.Zji, A — — Zji.A — — — 2ji.2ji.A -Zji,2j7. a 



-Ie^.x^-^eIeI^x^ 



K 



T,W 
46 



Af, 



c 



(2^ 



37^ 



12 



17. 



■^fc-i-A; 



24 



^fc^fc- 



^fc^fe - 



-IeIX^ + ?E?.E'2x4 



24 



^fc^fe 



72 



12 



^k^k 



-1/2 -1^2 



25. 



37. 



E;X^ - — Ei.E'/X^ - —Y.i.X-" - — EtEl.X 



2 v'/ "v^3 



72 



72 



k'^k' 



79. 
12' 



^l^kN^ 



13, 

24^ 



rE?,X4 



55 



^V^kX^ 



-Ef.X5 + 4ElEfx5 



r>T,W 
A47 


.r /■ d^k 




+^stE;fx3 


^48 






g fc A, 


^49 


.r /■ d^k 


^50 




^51 


Ar /■ d^k 


^52 


.r f d^k 


^53 




^^5^4" 


= 0, 


Kli' 


.r f d^k 
- ^-y (2.)^ 


j>T,W 


..__ .. f d'k 


^56 


^'^y {2.Y 



9 '' 18 '^ 6 '^ g fe A, 3g fc 36 '^ '^ 5 fc fe 



^EtEt-'x^ - ^E^,x^ + ^e|e;2^4 ^ 1 j.5^5 _ 1e^e;2^-^ 



1^3t»^4 



3 

11. 



-E^Ell'X^ - — E^X^ + — ElE'fe^X* + 2E|X5 - SJ^l^'^X^ 
" 24 6 

^E',x2 + Ie^x^ - ^e^e;,^^ + e|e;2^-^ + Ie^x* - e^e'^^x^ 



^E',X2 - -EfeEl^X^ - -EfeX3 - -E^E'feX^ + -E3e;2^3 ^ 5.3^4 _ eSe'^^X^ 



5 

12" 
1 



°v2v'2v2 I °v2v3 l" v4v'2 Ti^3 v4 v4 i °v6ip'2v4 



16. 



8. 



°yi2yi/2x^2 2 2 x^3 I -^" v4yi/2 -1^3 , ^ yi4 -i^4 " v^e vi'2 v4 



2 v3 



-EfX 
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